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Abstract

The inelastic Boltzmann equation is used in order to study stationary shear flows in a rarefied granular gas of hard
spheres. We resort to a Gaussian moment approximation in order to calculate the pressure tensor in three dimensions. The
method is discussed along with previously introduced techniques: asymptotic expansion in the near elastic limit, and pseudo-
Maxwellian approximation. Numerical results and approximate analytic formulas for the pressure tensor are presented and
briefly commented on. A comparison with the pseudo-Maxwellian solution is discussed in detail. 2002 Éditions scientifiques
et médicales Elsevier SAS. All rights reserved.

Keywords: Granular material; Inelastic Boltzmann equation; Shear flow

1. Introduction

Theoretical and experimental studies of rapid flows of granular materials have become extremely popular in recent years
because of their well known industrial applications (see [1], which contains more than 50 references, for a review). The simplest
model of such a material is a collection of identical spherical particles interacting by instantaneous collisions. Such a model
is very close (at least in the rarefied case) to a classical gas of hard spheres, the main difference being that collisions do not
preserve energy. The analogy obviously leads to the idea of using Boltzmann-like kinetic equations, based, however, on modified
collision laws. The corresponding inelastic Boltzmann equation is well known and was previously used by many authors for
describing rarefied ‘granular gases’ [1].

We study below a special class of solutions to this nonlinear kinetic equation, the so-called ‘stationary shear flow’. In terms
of hydrodynamics, such a flow is characterized by constant density, constant temperature (for brevity, we always speak of
temperature instead of ‘granular temperature’), and constant velocity gradient directed perpendicular to the velocity itself. It
is well known that the incompressible Navier–Stokes equations possess solutions which correspond to stationary shear flow.
On the other hand, it is easy to verify that the corresponding solution does not exist for classical (elastic) gases described by
Boltzmann or (compressible) Navier–Stokes equations, because the energy equation can not be satisfied. The situation, however,
changes in the inelastic case, and the solution does exist at both kinetic and hydrodynamic level. This was noticed long ago, and
the stationary shear flow for inelastic Boltzmann equation was studied by several authors (see [1,2] and references therein).

A recent publication is due to Cercignani [3], who constructed an approximate solution for the pressure tensor on the basis
of the pseudo-Maxwellian model of the inelastic Boltzmann equation introduced in [4] (his solution is exact in the frame of this
model). The advantage of Cercignani’s solution, compared to previous results obtained by Goldhirsch and his co-authors [1,2], is
that no assumption of ‘small’ inelasticity is made. On the other hand, the pseudo-Maxwellian model itself contains an uncertain
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factor in front of the collision integral, and is based on some non-rigorous ‘physical’ considerations [4]. Thus, Cercignani’s
results need a comparison with results obtained by other methods.

Such a comparison is one of the goals of the present paper. The alternative approach is rather obvious: constructing a
‘moment approximation’ based on the Gaussian distribution function (Gaussian closure [5]). In fact, a similar approach was
used earlier by Jenkins and Richman for a two-dimensional gas [6]. We shall see, however, that the realistic three-dimensional
case shows an interesting peculiarity of the pseudo-Maxwellian model: the model gives reasonable qualitative results, but
introduces a certain degeneracy in the pressure tensor. The main aim of this paper is to consider different approximations to the
solution and to compare corresponding results for the pressure tensor.

The paper is organized as follows. In Section 2 we introduce the kinetic equation and make some necessary calculations
for second order moments of the collision integral. Then, in Section 3, we formulate the problem and reduce it to a nonlinear
eigenvalue problem in dimensionless variables. Such an approach allows us to clarify the mathematical nature of the problem
and to compare different techniques from a unified point of view. A perturbation scheme (modified Goldhirsh approach) based
on a suitable scaling of the equation is described in Section 4. Equations for second order moments (pressure tensor) are studied
in Sections 5 and 6. The exact solution to the pseudo-Maxwellian model equations (Cercignani’s solution in slightly different
terms) is constructed and discussed in Section 5. The ‘Gaussian approximation’ (3d analogue of the 2d Jenkins–Richman
solution) is studied and solved numerically in Section 6, where we also compare in detail the two alternative approaches. In
Section 7 we present the different approximations of the pressure tensor and compare them in the general spirit of rational
mechanics [7]. This makes very clear the above mentioned degeneracy of the pseudo-Maxwellian model. On the other hand,
the simple analytical formulas for this model are in good agreement, at least qualitatively, with the more general and complex
Gaussian approximation. Finally, we construct simple explicit expressions for the Gaussian approximation which reproduce
quite accurately our numerical results.

2. Kinetic equation

The simplest model of inelastic collision of two spheres with diameterd can be described as follows. Letv ∈ R
3 andw ∈ R

3

be velocities of the particles before collision,�̂ ∈ S2 be a unit vector pointing from the center of one particle to the center of
the other when they collide. Then the velocitiesv′ andw′ after collision are given by [4]

v′ = 1

2
(v + w)+ u′

2
, w′ = 1

2
(v + w)− u′

2
,

u′ = u − (1+ e)(u · �̂)�̂, u = v − w, u′ = v′ − w′, (1)

where 0< e� 1 is the restitution coefficient. It is sufficient for our goals to consider the case of constante.
We denote as usual byf (x,v, t) the one-particle distribution function (x ∈ R

3 andt > 0 stand respectively for position and
time variables). Then the Inelastic Boltzmann Equation (IBE) for the above model can be written [1]

∂f

∂t
+ v · ∂f

∂x
=Q(f,f )= d2

∫
R3×S2

dw d�̂(u · �̂)+
[

1

e2
f (v∗)f (w∗)− f (v)f (w)

]
, (2)

wherev∗ and w∗ denote pre-collision velocities associated to the collision mechanism (1). The symbol(u · �̂)+ coincides
with u · �̂ when such scalar product is non-negative, whereas it takes the value zero whenever the scalar product is negative.
Consequently, angular integration ranges over half unit sphere only. The expression for the collision integralQ(f,f ) becomes
almost obvious if we consider its weak form. Letg(v) be a ‘good’ test function. Then, after usual transformations, we obtain

(g,Q) =
∫
R3

dvg(v)
[
Q(f,f )

]
(v)

= d2
∫

R3×R3×S2

dvdw d�̂(u · �̂)+f (v)f (w)
[
g(v′)− g(v)

]
, (3)

whereu andv′ are given by (1). The physical meaning of this equality is quite clear: the change ofg in a collision integrated
over all possible collisions per unit time (at fixed space-time point(x, t), these arguments being omitted for brevity).

Equality (3) can be transformed into a symmetric form

(g,Q)= d2

2

∫
R3×R3×S2

dvdw d�̂(u · �̂)+f (v)f (w)
[
g(v′)+ g(w′)− g(v)− g(w)

]
, (4)
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where notations (1) are used again. The identity [4]∫
S2

d�̂(u · �̂)+ϕ
[
�̂(u · �̂)] = |u|

4

∫
S2

dn̂ϕ
(

u − |u|n̂
2

)
(5)

for any functionϕ leads to

(g,Q)= d2

8

∫
R3×R3×S2

dvdw dn̂ |u|f (v)f (w)[g(v′)+ g(w′)− g(v)− g(w)
]
, (6)

where, in the new notation,

v′ = U + 1

2
u′, w′ = U − 1

2
u′, U = 1

2
(v + w),

u = v − w, u′ = v′ − w′ = 1

2
(1+ e)|u|n̂ + 1

2
(1− e)u. (7)

Remark 2.1. The identity (6) gives, as a by-product, a simple rule for Monte-Carlo simulation schemes: take uniformly
distributed (onS2) vectorn̂ and change the relative velocity fromu to u′ (see (7)). This rule allows us to use existing computer
codes for ‘elastic’ Boltzmann equation (after minor modifications) in order to simulate rarefied gases with inelastic collisions.

We shall need in the following the second-order moments of the collision integral. The equality (6) withg = vivj , i, j =
1,2,3, leads to

πd2qij = (vivj ,Q)= d2

16

∫
R3×R3

dvdw |u|f (v)f (w)
∫
S2

dn̂ (u′
iu

′
j − uiuj ), (8)

in notation (7). Then evaluation of the integral overS2 yields

qij = −1− β2

4

∫
R3×R3

dvdwf (v)f (w)|u|
[
uiuj − θ

|u|2
3
δij

]
, (9)

where for convenience we have introduced new parameters

β = 1− e

2
, θ = 1− β

1+ β
= 1+ e

3− e
, (10)

with 1/2> β � 0 and 1/3< θ � 1 for 0< e� 1. Finally, by changing variables from(v,w) to (U,u)we obtain, in notation (7),

qij = 1

πd2
(vivj ,Q)= −1 − β2

4

∫
R3

duG(u)|u|
(
uiuj − θ

3
|u|2δij

)
, (11)

where

G(u)=
∫
R3

dUf
(

U + u
2

)
f

(
U − u

2

)
. (12)

This equality will be used in Section 5 in order to construct an approximate solution to the problem stated in the next section.

3. Stationary shear flow

We consider a special class of stationary solutions to the IBE (2) defined by

f (x,v, t)= F(v − � · x), (F,v)=
∫
R3

dv vF(v) = 0, (13)



94 A.V. Bobylev et al. / Eur. J. Mech. B/Fluids 21 (2002) 91–103

where� is a constant 3× 3 matrix. It is easy to check that such a solution can exist only for a nilpotent matrix� such that
�2 = 0. Then, by using only rotations and reflections, one can find a coordinate system where [3]

� = kN, N =
0 0 0

1 0 0

0 0 0

 , k = const> 0. (14)

Eq. (2) is invariant under rotations and reflections. Therefore we assume, without loss of generality, that the matrix� in (13)
is given by (14). In Cartesian coordinates

x = (x1, x2, x3), v = (v1, v2, v3) (15)

the functionF(v) in (13) must satisfy the equation

−kv1
∂F

∂v2
=Q(F,F), (F,v)= 0. (16)

The physical meaning of the non-negative solution (provided it exists) is quite clear: it describes a stationary flow with bulk
velocity V(x) = (0, kx1,0) directed along thex2 axis and having linear profile with respect to thex1 coordinate (linear shear
flow). It is well known [8] that such a stationary solution cannot exist for classical (elastic) Boltzmann equation. We assume that
there exists a non-negative solutionF(v) of (16) with inelastic collision integral (2), and study below some of its properties.

First of all, we transform (16) to dimensionless form. Denoting

ρ =
∫

R3

dvF(v), T = 1

3ρ

∫
R3

dv |v|2F(v),

F (v)= ρT−3/2F̃ (ṽ), ṽ = vT−1/2, (17)

we substitute (17) into (16) and omit tildas. The result reads

−γ v1
∂F

∂v2
=  (F,F)= 1

π

∫
R3×S2

dvd�̂(u · �̂)+
[

1

e2
F(v∗)F(w∗)− F(v)F(w)

]
, (18)

where

γ = k

ρπd2T 1/2
(19)

and the following normalization conditions hold

∫
R3

dvF(v)


1

v

|v|2

 =


1

0

3

 . (20)

The problem (18) and (20) can be considered as a nonlinear eigenvalue problem for the unknown parameterγ (eigenvalue)
and functionF(v) satisfying conditions (20). When the solution forF andγ is found, then the temperature is related to density
by the equality

T =
(

k

ρπd2γ

)2
. (21)

4. Perturbation method

First we consider the near-elastic case

0 � β = 1− e

2
� 1 (22)

studied in detail by Goldhirsch and his co-authors (see [1,2] and references therein). They used the term ‘Chapman–Enskog
expansion’ which seems a bit confusing in the stationary case. In order to clarify the nature of their results we describe briefly
below a simple perturbation scheme for solving the nonlinear eigenvalue problem (18) and (20) in case (22).
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The key idea is to introduce an artificial parameterε, such thatε = 1 in all final results, and to rewrite Eq. (18) in the
following form (see remark at the end of this section for motivation)

εγ (ε)v1
∂F

∂v2
=  0(F,F)+ ε2 1(F,F), (23)

where  0(F,F) = [ (F,F)]e=1 is the usual (elastic) collision integral and 1(F,F) =  (F,F) −  0(F,F). Thus,
equations (18) and (23) are identical ifε = 1. Then one can use simple Taylor series

γ (ε)=
∞∑
n=0

γnε
n, F =

∞∑
n=0

Fnε
n, (24)

with additional conditions∫
R3

dvFn(v)


1

v

|v|2

 =


1

0

3

 δn0, n= 0,1, . . . . (25)

We obtain in such a way

F0 =M = (2π)−3/2 exp
(−|v|2/2)

(26)

and denote

Fn =Mϕn,  0(F0,Fn)+  0(Fn,F0)=MLϕn, n= 1, . . . , (27)

whereL is the usual linearized Boltzmann collision operator. We recall that the equation

Lϕ =ψ (28)

has a unique solutionϕ = L−1ψ only if〈
ϕ,


1
v

|v|2


〉

=
〈
ψ,


1
v

|v|2


〉

=


0
0
0

 , (29)

where the scalar product〈g1, g2〉 is defined by

〈g1, g2〉 =
∫

R3

dvM(v)g1(v)g2(v). (30)

The equation forF1 becomes

F1 =Mϕ1, Lϕ1 = −M−1γ0v1
∂M

∂v2
= γ0v1v2, (31)

and therefore

ϕ1 = γ0L
−1(v1v2), (32)

whereγ0 is still unknown. Substituting (24) into (23) we obtain forn= 1,2, . . .

n∑
k=0

γn−kv1
∂Fk

∂v2
+
n+1∑
k=0

 0(Fk,Fn+1−k)+
n−1∑
k=0

 1(Fk,Fn−1−k)= 0. (33)

Then we multiply the equations by|v|2 and integrate overR3, to get

2γn−1γ0
〈
v1v2,L

−1(v1v2)
〉

= −2
n∑
k=2

γn−k〈v1v2, ϕk〉 +
n−1∑
k=0

∫
R3

dv |v|2 (Fk,Fn−1−k), n= 2, . . . , (34)

where explicit formulas forF0,1 and the definition of 1 have been used. Equations (34) are in fact the solvability conditions
for (33). Thus, such a condition forFn+1 defines uniquelyγn−1. In particular

γ0 =
[
−λ

2

∫
R3

dv |v|2 (M,M)

]1/2
, (35)
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where the numberλ is defined by

1

λ
= −〈

v1v2,L
−1(v1v2)

〉
> 0. (36)

The integral in (35) can be easily evaluated by using formula (11), sinceQ(f,f )= πd2 (f,f ). This yields

γ0 =
[

8λ√
π
β(1 − β)

]1/2
=

[
2λ√
π

(
1− e2)]1/2

(37)

in complete accordance with the result by Goldhirsch et al. By induction, the equation (33) forFn+1 = Mϕn+1 becomes
(n= 1,2, . . .)

Lϕn+1 = γnv1v2 + Sn+1(F0, . . . ,Fn, γ0, . . . , γn−1), (38)

whereF0, . . . ,Fn andγ0, . . . , γn−1 are already known and the orthogonality conditions are satisfied. Then

ϕn+1 = γnL
−1(v1v2)+ψn+1, ψn+1 = L−1Sn+1, (39)

whereψn+1 is uniquely defined whereasγn is still unknown. Substituting (39) into (34) (withn→ n+1) we obtain (n= 1, . . .)

− 2

λ

n+1∑
k=1

γn+1−kγk−1 = −2
n+1∑
k=2

γn+1−k〈v1v2,ψk〉 +Dn,

Dn =
n∑
k=0

∫
R3

dv |v|2 (Fk,Fn−k). (40)

This leads to the recurrence formulas

γn = − 1

2γ0

{
n∑
k=2

γn+1−kγk−1 + λ

2
Dn − λ

n+1∑
k=2

γn+1−k〈v1v2,ψk〉
}
, n= 1,2, . . . , (41)

which define uniquelyγn through{F0, . . . ,Fn, γ0, . . . , γn−1}. This yields in turn a unique solution forFn+1 =Mϕn+1, where
ϕn+1 is given by (39). On the other hand the parameterγ0 and the functionsF0 andF1 are already known. This completes the
induction and proves the following:

Proposition 4.1. The nonlinear eigenvalue problem (23) has a unique formal solution represented by the Taylor series (24)
satisfying conditions (25).

The final result of the expansion with respect to the parameterε can be easily transformed into series with respect toβ1/2,
similarly to what was done by Goldhirsch et al. in the papers quoted above.

Remark 4.2. Our knowledge of previously published results was in fact a motivation for our scaling in Eq. (23). On the other
hand, the right scaling can be easily guessed by considering the same equation withε = 1. Then

2γ (F,v1v2)= (
 1(F,F), |v|2)

, (42)

where brackets denote usual scalar product inL2(R3). In the elastic limit we haveF →M and both factorsγ and(F, v1v2)

tend to zero. In addition, their product must have the same order as( 1, |v|2). This shows that the right scaling forγ → 0 must
correspond to the asymptoticsF =M + O(γ ), ( 1(F0,F0), |v|2)= O(γ 2). Therefore we introduce the formal scaling (23) in
order to use standard perturbation theory.

We do not discuss practical calculations for the first terms since they are very similar to the ones described in detail
by Goldhirsch et al. The only mathematical problem (besides convergence) in this scheme is the construction of a ‘good’
approximation forL−1, whereL is the linearized Boltzmann collision operator for hard spheres. This problem was studied in
detail long ago (see, for example, the book [9]), and we do not discuss it here for brevity.

Hence, it is clear how to solve the problem (18) and (20) for the near-elastic caseβ � 1. The rest of the paper is devoted to
the caseβ = O(1).
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5. Moment equations and pseudo-Maxwellian approximation

We consider now the eigenvalue problem (18) and (20) without the assumption (22). It is easy to see that the perturbation
solution constructed in section 4 is invariant under reflectionv3 → (−v3). Therefore we assume in the following that

F(v)= F
(
v1, v2, |v3|). (43)

Equations for power moments ofF(v) can be obtained by multiplying (18) by the general tensorvi1, . . . , vin and integrating
overR

3. Mass and momentum conservations and conditions (20) make casesn= 0,1 trivial. The first nontrivial case isn= 2.
We denote

pij =
∫

R3

dvvivj F(v), qij =
∫
R3

dvvivj (F,F) (44)

and obtain the following matrix equation

γ

 0 p11 0

p11 2p12 0

0 0 0

 =
q11 q12 0

q21 q22 0

0 0 q33

 , (45)

where we accounted for the symmetry condition (43). Moreover it is obvious that

p11+ p22 + p33 = 3; pij = pji , qij = qji , i, j = 1,2,3, (46)

andqij is given by the integral (11) withf (v)= F(v). The set (45) of equations for the unknownspij is not closed. Any possible
(approximate) closure of (45) implies that we express somehowqij throughpij . After that, we obtain a finite-dimensional
nonlinear eigenvalue problem which can be solved analytically or numerically.

An approximate solution forpij was recently constructed (in slightly different terms) by Cercignani [3] on the basis of
pseudo-Maxwellian model of the collision integral (2) introduced in [4]. The general idea of [4] can be used in this specific
problem in the following way. We approximate integrals (11) by replacing the factor|u| (relative speed of colliding particles)
by its constant ‘average value’s = 〈|u|〉. Then we obtain from (18) the approximate equalities

qij ≈ −s 1− β2

4

∫
R3×R3

dvdwF(v)F(w)
(
uiuj − θ

3
|u|2δij

)
, (47)

with u = v − w, andβ andθ given by (10).
The simplest way to choose the constants is to demand the approximate equalities (47) to be exact forF =M (26). This

yields

s = 16

3
√
π

(48)

and we expect this value to be a reasonable approximation at least forβ � 1 (note thatF →M asβ → 0).
Integrals in (47) can be easily expressed throughpij (44) and we obtain

qij ≈ −s 1− β2

2
(pij − θδij ), (49)

where conditions (20) are accounted for. This leads to a simple matrix problem

+(θ)

 0 p11 0

p11 2p12 0

0 0 0

 +
p11 − θ p12 0

p12 p22− θ 0

0 0 p33 − θ

 = 0, (50)

whereθ = (1 − β)/(1 + β) is given, whereas+(θ) = 2γ [s(1 − β2)]−1 is unknown. Eq. (50) should be solved under the
additional condition (46)p11 + p22 + p33 = 3. Moreover+(θ) > 0, as we assumed from the very beginning (14). One can
easily check that Eq. (50) has a unique exact solution

p11 = p33 = θ, p22 = 3− 2θ, p12 = −+(θ)θ,

+(θ)=
[

3(1− θ)

2θ

]1/2
= 2γ

s(1 − β2)
. (51)
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It was already mentioned that this solution was first constructed in [3] without specifying the uncertain factors which is
always present in the pseudo-Maxwellian approximation. Besides the simplest approximation (48), the value ofs can be chosen
in such a way that it yields the correct leading asymptotic term forγ (β) asβ → 0 (elastic limit). In such a case

s =
(

32λ

3
√
π

)1/2
,

1

λ
= −〈

v1v2,L
−1(v1v2)

〉
, (52)

as it follows from comparison of formulas (37) and (51) whenβ → 0.
It is remarkable, however, that the diagonal part of the pressure tensor (in our dimensionless variables) does not depend on

the uncertain constants in the pseudo-Maxwellian approximation. Simple formulasp11 = p33 = θ, p22 = 3 − 2θ reflect a
‘degeneracy’ typical for this sort of approximation.

6. Gaussian approximation

We return to the exact non-closed matrix equation (45), where

qij = −1− β2

4

∫
R3×R3

dvdwF(v)F(w)|u|
(
uiuj − θ

3
|u|2δij

)
, (53)

and use a standard way of moment methods in kinetic theory. In order to do this we must choose a ‘reasonable’ approximation
for F(v) which allows us to close the moment equations (45). One can present several arguments (see, for example [5]) on
behalf of the Gaussian distribution function

F(v)= (
(2π)3 detP

)−1/2 exp

(
−1

2
v · P−1 · v

)
,

P =
∫
R3

dvF(v)v ⊗ v, Tr P = 3 (54)

such that all conditions (20) are satisfied. This is a sufficiently simple distribution function to handle analytically, yet it allows
us to model the anisotropy of the stress tensor while having the Maxwellian limit in the case of equilibrium. Moreover, if
the pressure tensorP is such that all moment equations up to the second order are satisfied, then the entropy equation is also
automatically satisfied. In fact, this approximation is not new in Physics (see for instance [10]), and was already used for two-
dimensional stationary shear flow by Jenkins and Richman [6]. We generalize below their approach to the three-dimensional
case. One important advantage is that, with this choice ofF(v), the entropy equation for (18) is also automatically satisfied.
The pressure tensorP is considered now as a symmetric 3× 3 matrix,P−1 denotes its inverse matrix, and moreover

v · P · v> 0, Tr P = p11 + p22 + p33 = 3, p3j = p33δ3j = pj3. (55)

The integral (53) becomes (see (11))

qij = −1− β2

4

∫
R3

duG(u)|u|
(
uiuj − θ

3
|u|2δij

)
, (56)

where

G(u)= (
(4π)3 detP

)−1/2 exp

(
−1

4
u · P−1 · u

)
. (57)

The equality (56) in matrix form becomes

Q = −8(1 − β2)√
π

(
R − θ Tr R

3
I
)
, (58)

whereI is the unit matrix and

R = (detP)−1/2
∫
R3

du
4π

|u|exp
(−u · P−1 · u

)
u ⊗ u. (59)
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Noting thatP is symmetric and positive definite, we denoteu = P1/2 · x and obtain

R =
∫

R3

du
4π

exp
(−|x|2)∣∣P1/2 · x

∣∣(P1/2 · x
) ⊗ (

P1/2 · x
) = P1/2 · S · P1/2, (60)

where

S =
∫
R3

dx
4π

exp
(−|x|2)

(x · P · x)1/2x ⊗ x. (61)

It is obvious thatS is diagonal in the same coordinate system whereP is diagonal. On the other hand, they are both
symmetric. ThereforeS · P = P · S andR = P1/2 · S · P1/2 = P · S = S · P. The integral (61) can be simplified in the following
way:

S =
∞∫

0

dr r5 exp
(−r2)∫

S2

d�̂

4π
(�̂ · P · �̂)1/2�̂ ⊗ �̂

=
∫
S2

d�̂

4π
(�̂ · P · �̂)1/2�̂ ⊗ �̂. (62)

Finally we rewrite equality (58) as

Q = −8(1 − β2)√
π

(
P · S − θ Tr(P · S)

3
I
)
. (63)

Introducing for brevity the new notations

µ(θ)= 3
√
πγ

8(1− β2)
, K =

 0 p11 0

p11 2p12 0

0 0 0

 , (64)

we transform Eq. (45) in the following matrix form

µ(θ)K + 3P · S − (
θ Tr(P · S)

)
I = 0, (65)

whereS is defined by the integral (62),θ by (10), and TrP = 3.
Formulas (64) and (65) define a new matrix problem which is the ‘Gaussian’ approximation of the initial problem (45)

and (46). The tensor integral (62) can be evaluated by numerical methods. The connection with the pseudo-Maxwellian
approximation (section 5) is obvious: (i) definitions of+(θ) andµ(θ) are identical if the value (48) is used in formula (51)
for +; (ii) Eqs. (65) and (50) become identical if the (rough) approximationP ≈ I is used for evaluating the integral (62) (then
S ≈ (1/3)I).

In order to solve numerically the problem (64) and (65) we remark thatK is diagonal in the same coordinate system where
P andS are diagonal, so thatP · K = K · P. This fact, combined with 2γp12 = Tr Q< 0 (following from (45) and from energy
dissipation) yields, fore < 1,

p12 = −
(
p11(p22 − p11)

2

)1/2
< 0, p22> p11. (66)

The actual unknowns in (65) are thus onlyp11, p22, andµ. Taking trace we haveµTr K = −3(1 − θ)Tr(P · S), and it proves
convenient usingz= θTr(P · S) as unknown parameter, and introducing a new matrixH = −K/p12. With

µ= −+2 1

p12
z, +2 = 3(1− θ)

2θ
(67)

(compare to (51)), the problem takes the form

3P · S = z
(
I −+2H

)
. (68)

The eigenvalues ofP will be labeled byx, y, and 3− x − y; analogously the symbolsα1, α2, α3 andh1, h2, 0 will denote the
corresponding eigenvalues of the matrices 3S andH, where

αi = 3

4π

∫
S2

√
x2̂2

1 + y2̂2
2 + (3− x − y)2̂2

3 2̂
2
i d�̂ = αi(x, y) (69)
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can be easily evaluated numerically by the composite midpoint cubature formula for any givenx andy. The unknownsx andy
follow from a quadratic equation in terms ofp11 andp22. The optionx < y, which seems in agreement with (66), corresponds
to a suitable rotation of the reference frame and implies the constrainth1> h2. Explicitly

p11 = 2xy

x + y
, p22 = x2 + y2

x + y
, p33 = 3− x − y,

p12 = −y − x

x + y

√
xy, h1 = 2x

y − x
, h2 = − 2y

y − x
. (70)

It is easy now to derive from the diagonal form of (68) three equations for the three unknownsx, y, z. After little algebra
they may be cast as

α1x + α2y − 2
(
1++2)

α3(3− x − y)= 0,
(71)

(α1 + α2)xy − α3(3− x − y)(x + y)= 0

with z decoupled asz = α3(3 − x − y). The numerical problem is reduced to determining the zeroes of a vector field in two
dimensions, in the physical region 0< x < y < 3 − x, as functions of the only input parameterθ . The pressure tensorP and
eigenvalueµ are then provided by (70) and (67). The zeroes have been searched by means of Newton’s method for nonlinear
systems. In all the quite many cases that have been run systematically, a unique zero has been found, belonging to the admissible
region, starting from any admissible initial guess. A unique solution has then been determined for givenθ . This numerical
solution is discussed below, at the end of Section 7.

7. Constitutive relations

We analyze first the relation between the pressure tensorP and the velocity gradient in the stationary shear flow of a granular
gas according to the previous approaches. In the general case we have [7]

V(x)= � · x = kN · x, (72)

whereN is a nilpotent matrix having the form (14) in a certain coordinate system. Then the most general formula for the
(dimensional) pressure tensor can be written [7]

P = p
[
αI + τ

(
N + NT

) + σ1NT · N + σ2N · NT
]
, Tr P = 3p, (73)

where the notations of [7] are slightly changed. In our case

p = ρT, 3α+ σ1 + σ2 = 3. (74)

The coefficientsα, σ1,2, τ do not depend on the coordinate system and it is sufficient to consider (73) in the reference frame
whereN is given by (14), so that

α = p33, σ1 = p11− p33, σ2 = p22 − p33, τ = p12, (75)

where the componentspij were already studied in the previous sections. We present below results for the invariant coefficients
α, σ1,2, τ . A first observation is that all of them are functions of the parameterθ defined by (10), with 1/3< θ < 1. Moreover
α → 1, σ1,2 → 0, τ → 0 asθ → 1.

On the other hand, the eigenvalueγ (θ) for the nonlinear problem (45) establishes a relationship between densityρ and
temperatureT on one side, and velocity gradientk on the other. If the density is chosen arbitrary, then the temperature is
defined, for givenρ, k, andθ , by the equality (21). The constitutive equations are then fully determined by the exact knowledge
of the coefficientsγ , α, σ1,2, andτ , and formulas (66), (74) show that only three out of them are independent, sayγ andσ1,2,
since the others follow as

α = 3− σ1 − σ2

3
, τ = −

[
(α+ σ1)(σ2 − σ1)

2

]1/2
. (76)

The first equality is exact, whereas the second is approximate (valid for Gaussian closure and pseudo-Maxwellian approx-
imation).

As we discussed above, there exist at least three ways to construct analytical approximations for the necessary coefficients.
The first way is to use the perturbation method of Section 4 in a neighborhood ofθ = 1 (elastic limit). This way was discussed
in detail (in different terms) by Goldhirsch et al. [1,2]. Therefore we note only that

γ = O(
√

1− θ), σ1,2 = O(1− θ), α = 1+ O(1− θ), τ = O(
√

1− θ), (77)

in the elastic limitθ → 1.
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The general case of moderate and strong inelasticity is more interesting for our goals, since accurate results, either analytical
or numerical, are lacking in the literature, at least to our knowledge. In such a case we can use the pseudo-Maxwellian
approximation (Cercignani’s solution) which leads to the formulas (see Section 5)

γ = 32√
6π

√
θ(1− θ)

(1+ θ)2
, σ1 = 0, σ2 = 3(1 − θ), α = θ, τ =

√
3θ(1− θ)

2
. (78)

This result indicates a remarkable degeneracy of the pseudo-Maxwellian approximation, namelyσ1(θ) = 0, orp11 = p33 in
the special coordinate system.

The accuracy of this model can be checked by using the Gaussian moment approximation (generalization of the two-
dimensional Jenkins–Richman solution) described in Section 6. This approach involves the numerical solution discussed there
and yields the values illustrated in Figs. 1, 2 and 3 (solid lines) in comparison to the pseudo-Maxwellian approximation (dashed
lines). More precisely, Fig. 1 reports on the diagonal components of the pressure tensor in the special coordinate system,
namelyp11, p22, andp33, while Fig. 2 illustrates the frame independent coefficientsα andσ1,2, again relevant to normal
stresses. Finally, Fig. 3 plots eigenvalueγ and shear stressp12 = τ , whose behavior becomes singular (infinite slope) when
θ → 1. Figures show that the simple approximate formulas (78) are in reasonable agreement with the more complex Gaussian
moment approximation, but the quantitative discrepancy becomes non-negligible, especially forσ1,2 and at high inelasticity. In
addition, the degeneracy mentioned above is ruled out by the latter approximation, as shown by the trend ofσ1, which vanishes
only in the limit θ → 1. It is also easy to construct approximate analytical formulas for the parametersσ1,2 plotted in Fig. 2.
Their quite smooth trend suggest that they can be satisfactorily approximated by quadratic polynomials

σi(θ)=Ai(1− θ)+Bi(1− θ)2, i = 1,2. (79)

The coefficientsAi andBi have been determined numerically by least-squares optimal fitting, and are given by

A1 = −0.1851, B1 = 0.1253;
A2 = 2.264, B2 = 0.4902. (80)

The accuracy turns out to be very good, the absolute error between the actual curve and the interpolant parabola never exceeding
1.6× 10−3 for σ1 and 8.2× 10−3 for σ2, which correspond to relative errors of 2.44% and 0.47% respectively. In any case, the
actual numerical solution forσi , i = 1,2, and its quadratic analytical approximation overlap almost completely in the figures
(not shown here). The functionγ is given numerically versusθ by Table 1.

Fig. 1. Diagonal componentsp11, p22 andp33 of the pressure tensor versusθ ; dashed-dotted curve: pseudo-Maxwellian approximation, solid
curve: Gaussian moment approximation.
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Fig. 2. Invariant quantitiesα,σ1 andσ2 versusθ ; dashed-dotted curve: pseudo-Maxwellian approximation, solid curve: Gaussian moment
approximation.

Fig. 3. Shear stressτ and eigenvalueγ versusθ ; dashed-dotted curve: pseudo-Maxwellian approximation, solid curve: Gaussian moment
approximation.

In conclusion, the pressure tensor is given by:

P = 1

ρ

[
k

πd2γ (θ)

]2[
α(θ)I + τ(θ)

(
N + NT

) + σ1(θ)N
T · N + σ2(θ)N · NT

]
, (81)

where (in the Gaussian moment approximation)γ (θ) is given numerically, whereas all other coefficients can be evaluated with
good accuracy by formulas (76), (79), and (80).
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Table 1
Computed values of eigenvalueγ (θ)

θ 1/3 0.40 0.50 0.60 0.70 0.80
γ (θ) 2.197 2.067 1.831 1.571 1.297 1.006

θ 0.85 0.90 0.93 0.945 0.960 0.975
γ (θ) 0.8749 0.6740 0.5548 0.4878 0.4126 0.3235

θ 0.980 0.985 0.990 0.995 0.998 1.000
γ (θ) 0.2886 0.2492 0.2030 0.1431 0.0904 0.000
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