JOUR
NECH

il
NIGS

ELSEVIER Eur. J. Mech. B/Fluids 21 (2002) 91-103

Approximate solutions to the problem of stationary shear flow of
smooth granular materials

Alexander V. Bobyle¥, Maria GroppP, Giampiero Spiga*

@ Department of Engineering Sciences, Physics and Mathematics, Karlstad University, Universitetgatan 1, 65188 Karlstad, Sweden
b Dipartimento di Matematica, Universita di Parma, Via D’ Azeglio 85, 43100 Parma, Italy

Received 21 February 2001; received in revised form 4 July 2001; accepted 15 August 2001

Abstract

The inelastic Boltzmann equation is used in order to study stationary shear flows in a rarefied granular gas of hard
spheres. We resort to a Gaussian moment approximation in order to calculate the pressure tensor in three dimensions. The
method is discussed along with previously introduced techniques: asymptotic expansion in the near elastic limit, and pseudo-
Maxwellian approximation. Numerical results and approximate analytic formulas for the pressure tensor are presented and
briefly commented on. A comparison with the pseudo-Maxwellian solution is discussed ind&@02 Editions scientifiques
et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Theoretical and experimental studies of rapid flows of granular materials have become extremely popular in recent years
because of their well known industrial applications (see [1], which contains more than 50 references, for a review). The simplest
model of such a material is a collection of identical spherical particles interacting by instantaneous collisions. Such a model
is very close (at least in the rarefied case) to a classical gas of hard spheres, the main difference being that collisions do not
preserve energy. The analogy obviously leads to the idea of using Boltzmann-like kinetic equations, based, however, on modified
collision laws. The corresponding inelastic Boltzmann equation is well known and was previously used by many authors for
describing rarefied ‘granular gases’ [1].

We study below a special class of solutions to this nonlinear kinetic equation, the so-called ‘stationary shear flow'. In terms
of hydrodynamics, such a flow is characterized by constant density, constant temperature (for brevity, we always speak of
temperature instead of ‘granular temperature’), and constant velocity gradient directed perpendicular to the velocity itself. It
is well known that the incompressible Navier—Stokes equations possess solutions which correspond to stationary shear flow.
On the other hand, it is easy to verify that the corresponding solution does not exist for classical (elastic) gases described by
Boltzmann or (compressible) Navier—Stokes equations, because the energy equation can not be satisfied. The situation, however,
changes in the inelastic case, and the solution does exist at both kinetic and hydrodynamic level. This was noticed long ago, and
the stationary shear flow for inelastic Boltzmann equation was studied by several authors (see [1,2] and references therein).

A recent publication is due to Cercignani [3], who constructed an approximate solution for the pressure tensor on the basis
of the pseudo-Maxwellian model of the inelastic Boltzmann equation introduced in [4] (his solution is exact in the frame of this
model). The advantage of Cercignani’s solution, compared to previous results obtained by Goldhirsch and his co-authors [1,2], is
that no assumption of ‘'small’ inelasticity is made. On the other hand, the pseudo-Maxwellian model itself contains an uncertain
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factor in front of the collision integral, and is based on some non-rigorous ‘physical’ considerations [4]. Thus, Cercignani's
results need a comparison with results obtained by other methods.

Such a comparison is one of the goals of the present paper. The alternative approach is rather obvious: constructing a
‘moment approximation’ based on the Gaussian distribution function (Gaussian closure [5]). In fact, a similar approach was
used earlier by Jenkins and Richman for a two-dimensional gas [6]. We shall see, however, that the realistic three-dimensional
case shows an interesting peculiarity of the pseudo-Maxwellian model: the model gives reasonable qualitative results, but
introduces a certain degeneracy in the pressure tensor. The main aim of this paper is to consider different approximations to the
solution and to compare corresponding results for the pressure tensor.

The paper is organized as follows. In Section 2 we introduce the kinetic equation and make some necessary calculations
for second order moments of the collision integral. Then, in Section 3, we formulate the problem and reduce it to a nonlinear
eigenvalue problem in dimensionless variables. Such an approach allows us to clarify the mathematical nature of the problem
and to compare different techniques from a unified point of view. A perturbation scheme (modified Goldhirsh approach) based
on a suitable scaling of the equation is described in Section 4. Equations for second order moments (pressure tensor) are studied
in Sections 5 and 6. The exact solution to the pseudo-Maxwellian model equations (Cercignani’s solution in slightly different
terms) is constructed and discussed in Section 5. The ‘Gaussian approximation’ (3d analogue of the 2d Jenkins—Richman
solution) is studied and solved numerically in Section 6, where we also compare in detail the two alternative approaches. In
Section 7 we present the different approximations of the pressure tensor and compare them in the general spirit of rational
mechanics [7]. This makes very clear the above mentioned degeneracy of the pseudo-Maxwellian model. On the other hand,
the simple analytical formulas for this model are in good agreement, at least qualitatively, with the more general and complex
Gaussian approximation. Finally, we construct simple explicit expressions for the Gaussian approximation which reproduce
quite accurately our numerical results.

2. Kinetic equation
The simplest model of inelastic collision of two spheres with diamétan be described as follows. et R3 andw € R3

be velocities of the particles before collisidd,e S? be a unit vector pointing from the center of one particle to the center of
the other when they collide. Then the velocitiésandw’ after collision are given by [4]

v = 1(v+w)+u/ w’—l(v+w) :
T2 2’ T2 2’
U =u-—1+e)(u-OH, U=v-—w, u=v -—w, (1)

where O< e < 1 is the restitution coefficient. It is sufficient for our goals to consider the case of coastant
We denote as usual bg(x, v, r) the one-particle distribution functiox € R3 and: > 0 stand respectively for position and
time variables). Then the Inelastic Boltzmann Equation (IBE) for the above model can be written [1]

af af N N 1
o TV =2 =d? f dw d€2(u - ﬂ)+[e—2f(v*)f(w*) - f(V)f(W)], @)
R3xS?
wherev,, andw, denote pre-collision velocities associated to the collision mechanism (1). The stbﬁl)+ coincides
with u - £ when such scalar product is non-negative, whereas it takes the value zero whenever the scalar product is negative.
Consequently, angular integration ranges over half unit sphere only. The expression for the collision@htggfalbecomes
almost obvious if we consider its weak form. Lgtv) be a ‘good’ test function. Then, after usual transformations, we obtain

(g 0) = /dvg(V)[Q(f, H]w
]R3
= d? f dvawd(u- @)1 fF(v) fw)[g(V) — gW)], ®)
R3xR3x R

whereu andV’ are given by (1). The physical meaning of this equality is quite clear: the changed collision integrated
over all possible collisions per unit time (at fixed space-time point), these arguments being omitted for brevity).
Equality (3) can be transformed into a symmetric form

d? A A
5 == / dvawdR(u - )+ £ (V) fFW)[g(V) + gW) — g(v) — g(wW)], 4

R3xR3x 2
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where notations (1) are used again. The identity [4]

o vt - ()
& &

for any functiony leads to

d2 ~ / ’
(8. 0)=+5 f dvdwdn |ul £ (V) f (W) [g (V) + g(W) — g(V) — g(w)], (6)
R3xR3x R

where, in the new notation,

1 1 1
vV = U+ ZU, w=U-Z2U, U=Z(V+w),
+2 > 2( +Ww)
/ / / l A 1
u=v-—w, u =V —w=§(l+e)|u|n+§(l—e)u. @)

Remark 2.1. The identity (6) gives, as a by-product, a simple rule for Monte-Carlo simulation schemes: take uniformly
distributed (orSz) vectorfi and change the relative velocity framto u’ (see (7)). This rule allows us to use existing computer
codes for ‘elastic’ Boltzmann equation (after minor modifications) in order to simulate rarefied gases with inelastic collisions.

We shall need in the following the second-order moments of the collision integral. The equality (&) withvj, i,j=
1,2, 3, leads to

d? .
ndq; =i 0 =G5 [ dvawulrw o [[dn i~ ), ®
R3xR3 ?
in notation (7). Then evaluation of the integral 0\‘B§ryields
1- p2 Juf?
gij =— 4ﬁ f dvaw f(v) f (w)]ul [”i”j_eTSij]a 9)
R3xR3

where for convenience we have introduced new parameters
l—e 0— 1-8 1+e
2’ T 148 3-e’

with1/2> B >0and ¥3 <6 < 1for0< e < 1. Finally, by changing variables frotm, w) to (U, u) we obtain, in notation (7),

ﬂ:

(10)

1 1-p2 6
Qij=ﬁ(vivj,Q)=— 4ﬂ /dUG(U)|U|<Mi“j_§|U|25ij>v (11)
R3

where

G =Rf3de(u+;)f(u—;>. (12)

This equality will be used in Section 5 in order to construct an approximate solution to the problem stated in the next section.

3. Stationary shear flow
We consider a special class of stationary solutions to the IBE (2) defined by

fX,v,t)=F(Nv—1-Xx), (F,Vv) =[dvvF(v) =0, (13)
R3
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wherell is a constant X 3 matrix. It is easy to check that such a solution can exist only for a nilpotent nTatsxch that
12 = 0. Then, by using only rotations and reflections, one can find a coordinate system where [3]

0 0O
IM=kN, N= (1 0 0) , k=const> 0. (14)
0 0O

Eq. (2) is invariant under rotations and reflections. Therefore we assume, without loss of generality, that tHE md8)
is given by (14). In Cartesian coordinates

X = (x1, x2, X3), V= (vy,v2,v3) (15)

the functionF (v) in (13) must satisfy the equation
—kvla—F =Q(F,F), (F,v)=0. (16)
avp

The physical meaning of the non-negative solution (provided it exists) is quite clear: it describes a stationary flow with bulk
velocity V(x) = (0, kx1, 0) directed along the, axis and having linear profile with respect to thecoordinate (linear shear
flow). It is well known [8] that such a stationary solution cannot exist for classical (elastic) Boltzmann equation. We assume that
there exists a non-negative solutidiiv) of (16) with inelastic collision integral (2), and study below some of its properties.

First of all, we transform (16) to dimensionless form. Denoting

p=/dvF(V), T = i[dv|v|2F(v),
3p
R3 R3

F(v)=pT32F®), U=vr1/2 17)
we substitute (17) into (16) and omit tildas. The result reads
oF 1 N A 1
—yu—=0IFF)=— / dvde(u- 9)+[—F(V*)F(W*) - F(V)F(W)], (18)
v b4 2
R3x 2
where
k
and the following normalization conditions hold
1 1
/dvF(v) v t=10¢. (20)
R3 [v|2 3

The problem (18) and (20) can be considered as a nonlinear eigenvalue problem for the unknown paréeigtavalue)
and functionF (v) satisfying conditions (20). When the solution fBrandy is found, then the temperature is related to density
by the equality

(s

4, Perturbation method

First we consider the near-elastic case
1—
0<p= Te <1 (22)

studied in detail by Goldhirsch and his co-authors (see [1,2] and references therein). They used the term ‘Chapman—Enskog
expansion’ which seems a bit confusing in the stationary case. In order to clarify the nature of their results we describe briefly
below a simple perturbation scheme for solving the nonlinear eigenvalue problem (18) and (20) in case (22).



A.V. Bobylev et al. / Eur. J. Mech. B/Fluids 21 (2002) 91-103 95

The key idea is to introduce an artificial parametesuch thats = 1 in all final results, and to rewrite Eq. (18) in the
following form (see remark at the end of this section for motivation)

aF
gy(e)vlE =To(F, F) + &2T'1(F, F), (23)

where I'g(F, F) = [T'(F, F)].—1 is the usual (elastic) collision integral anich(F, F) = I'(F, F) — I'g(F, F). Thus,
equations (18) and (23) are identicati& 1. Then one can use simple Taylor series

o o0
y@ =y me,  F=Y) F, (24)
n=0 n=0

with additional conditions

1 1
/dan(v)i v }:io}(sno, n=0,1,.... (25)
R3

Iv[2 3
We obtain in such a way

Fo=M = (2m) /% exp(—|v|?/2) (26)
and denote
Fy=Mg,, To(Fo, Fn) + To(Fy, Fo)=MLy,, n=1,..., 27)

whereL is the usual linearized Boltzmann collision operator. We recall that the equation
has a unique solutiop = L =1y only if

el

where the scalar producgq, g2) is defined by

(o162 = [ MWW, (30)
R3
The equation foF; becomes
. M
F1=Mg;, Lor=-M YoULZ = YouLv, (31)

and therefore

1= yoL (v1v2), (32)
whereyy is still unknown. Substituting (24) into (23) we obtain fo=1, 2, ...

n IF; n+1 n—1
D vakvig—+ Y To(Fe, Fay1i) + Y Ta(Fe, Fao14) =0. (33)
k=0 v2 k=0 k=0

Then we multiply the equations Hy|2 and integrate oveR3, to get

2yn—1v0{v1v2. L™ (w1v2))
n n—1
=-2) Ypkv1v2. o) + ) / v IVIPT(Fy. Fyo1g). n=2...., (34)
k=2 k=0R3

where explicit formulas fop ;1 and the definition of"; have been used. Equations (34) are in fact the solvability conditions
for (33). Thus, such a condition fdf,, 1 defines uniquely,_1. In particular

2 1/2
Yo= [—5 f dv|v|2F(M,M>] : (35)
]R3
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where the numbex is defined by

% = —<v1v2, Lil(vlvz)) > 0. (36)
The integral in (35) can be easily evaluated by using formula (11), g¥ige ) = nd?T'(f, f). This yields
8 1/2 2 1/2
o= Zpa-p| | Z=0-) @)

in complete accordance with the result by Goldhirsch et al. By induction, the equation (3B)_fer= Mg, 1 becomes
n=12..)

Lont1=vnv1v2 + Sp41(Fo, - - Fn, Y0, -+, Va—1), (38)
whereFy, ..., F, andyy, ..., y,—1 are already known and the orthogonality conditions are satisfied. Then
On1=rnL T 0102) + Y1, Yng1 =L S0, (39)

wherey,, 1 1 is uniquely defined whereag is still unknown. Substituting (39) into (34) (with— n + 1) we obtaing =1, ...)

2 n+1 n+1
A > Vnd 1k Vi—1=—2_ Yns1-k(v1v2. ¥k) + Da.
k=1 k=2
n
Dy = Z/dVIVIZF(Fk, Fu_i). (40)
k:%@
This leads to the recurrence formulas
1 n A n+1
Yn = —2—{ Ytk V=1 + 5 Dn =4 D Ynpi—kvivz Y f. n=12..., (41)
Y =2 =2

which define uniquely;, through{Fp, ..., Fu, 0. ..., ¥n—1}. This yields in turn a unique solution fdf, 1 = Mg, 1, where
¢n+1 is given by (39). On the other hand the paramegteand the functiong’y and F; are already known. This completes the
induction and proves the following:

Proposition 4.1. The nonlinear eigenvalue problem (23) has a unique formal solution represented by the Taylor series (24)
satisfying conditions (25).

The final result of the expansion with respect to the parametan be easily transformed into series with respe¢11l/@,
similarly to what was done by Goldhirsch et al. in the papers quoted above.

Remark 4.2. Our knowledge of previously published results was in fact a motivation for our scaling in Eq. (23). On the other
hand, the right scaling can be easily guessed by considering the same equatioa-Witfrhen

2y (F,v1vp) = (T1(F, F), V%), (42)

where brackets denote usual scalar produa:t%(iR?’). In the elastic limit we havé” — M and both factory and (F, vqv)
tend to zero. In addition, their product must have the same orctérlaMz). This shows that the right scaling fer— 0 must
correspond to the asymptotiés= M + O(y), (I'1(Fo, Fp), Iv|2) = O(yz). Therefore we introduce the formal scaling (23) in
order to use standard perturbation theory.

We do not discuss practical calculations for the first terms since they are very similar to the ones described in detail
by Goldhirsch et al. The only mathematical problem (besides convergence) in this scheme is the construction of a ‘good’
approximation forL ~1, whereL is the linearized Boltzmann collision operator for hard spheres. This problem was studied in
detail long ago (see, for example, the book [9]), and we do not discuss it here for brevity.

Hence, it is clear how to solve the problem (18) and (20) for the near-elastigcask. The rest of the paper is devoted to
the case8 = O(1).
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5. Moment equations and pseudo-M axwellian approximation

We consider now the eigenvalue problem (18) and (20) without the assumption (22). It is easy to see that the perturbation
solution constructed in section 4 is invariant under reflectipp> (—v3). Therefore we assume in the following that
F(v) = F(vl, v2, |v3|). (43)

Equations for power moments &f(v) can be obtained by multiplying (18) by the general tensgy..., v;, and integrating

overR3. Mass and momentum conservations and conditions (20) makercasesl trivial. The first nontrivial case is = 2.
We denote

pij=/dVUinF(v), qij=[dVUinF(F,F) (44)
R3 R3
and obtain the following matrix equation
0 pun O q11 q12 O
y|pri1 2p12 O0)=|{g21 g2 O |, (45)
0 0 0) 0 0 ¢33
where we accounted for the symmetry condition (43). Moreover it is obvious that

P11+ P22+ p33=3; pij=rpji, 4ij=4ji> LJj=123 (46)

andg;; is given by the integral (11) witlf (v) = F(v). The set (45) of equations for the unknowns is not closed. Any possible
(approximate) closure of (45) implies that we express somefjpvthrough p;;. After that, we obtain a finite-dimensional
nonlinear eigenvalue problem which can be solved analytically or numerically.

An approximate solution fop;; was recently constructed (in slightly different terms) by Cercignani [3] on the basis of
pseudo-Maxwellian model of the collision integral (2) introduced in [4]. The general idea of [4] can be used in this specific
problem in the following way. We approximate integrals (11) by replacing the fawtdrelative speed of colliding particles)
by its constant ‘average valuge= (|u|). Then we obtain from (18) the approximate equalities

1-p2
4

qij ~ —S

0
/ dv dwF (v) F (w) <uiuj - §|u|25ij>, (47
R3xR3
with u=v —w, andg and# given by (10).
The simplest way to choose the constaig to demand the approximate equalities (47) to be exackfer M (26). This
yields

16
§=— 48
=3/ (48)
and we expect this value to be a reasonable approximation at legbstddt (note thatF — M asp — 0).
Integrals in (47) can be easily expressed thropgh(44) and we obtain

1-p2
4ij ~ —s———(pij = 08;)). (49)
where conditions (20) are accounted for. This leads to a simple matrix problem
0 pun O pii—0  p12 0
AO)| P11 2p12 O+ | p12  p22—0 0 =0, (50)
0 0 0) 0 0 p3z—0

whered = (1 — B)/(1 + B) is given, whereas\ () = 2y[s(1 — g2)]~1 is unknown. Eq. (50) should be solved under the
additional condition (4611 + p22 + p33 = 3. MoreoverA(9) > 0, as we assumed from the very beginning (14). One can
easily check that Eq. (50) has a unique exact solution

p11=p33="0, p22=3-20, r12=—A(0)9,

_[sa-e1v? 2y
A(e)_[ 2 ] S s@-p

(51)
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It was already mentioned that this solution was first constructed in [3] without specifying the uncertairs fattich is
always present in the pseudo-Maxwellian approximation. Besides the simplest approximation (48), thesvahrehsf chosen
in such a way that it yields the correct leading asymptotic termy{@) asg — 0 (elastic limit). In such a case

32 1/2 1
sz(ﬁ) o = L), 2

as it follows from comparison of formulas (37) and (51) whter> 0.

It is remarkable, however, that the diagonal part of the pressure tensor (in our dimensionless variables) does not depend on
the uncertain constantin the pseudo-Maxwellian approximation. Simple formujag = p33 =0, py> =3 — 26 reflect a
‘degeneracy’ typical for this sort of approximation.

6. Gaussian approximation

We return to the exact non-closed matrix equation (45), where

o 1=p f dvdWF(v)F(W)|u|<u<u'—€|U|25”) (33)
qij = 4 "y 3 ij |»

R3xR3

and use a standard way of moment methods in kinetic theory. In order to do this we must choose a ‘reasonable’ approximation
for F(v) which allows us to close the moment equations (45). One can present several arguments (see, for example [5]) on
behalf of the Gaussian distribution function

F(v) = ((27)3detP) ~%/2 exp(_%v p-1. V),

P= / dvF(VV®V, TrP=3 (54)
R3

such that all conditions (20) are satisfied. This is a sufficiently simple distribution function to handle analytically, yet it allows
us to model the anisotropy of the stress tensor while having the Maxwellian limit in the case of equilibrium. Moreover, if
the pressure tensét is such that all moment equations up to the second order are satisfied, then the entropy equation is also
automatically satisfied. In fact, this approximation is not new in Physics (see for instance [10]), and was already used for two-
dimensional stationary shear flow by Jenkins and Richman [6]. We generalize below their approach to the three-dimensional
case. One important advantage is that, with this choicE @}, the entropy equation for (18) is also automatically satisfied.

The pressure tenséris considered now as a symmetric3 matrix,P_1 denotes its inverse matrix, and moreover

v-P-v>0, TrP=p11+ p22+ p33=3, P3j = p3393; = p;3. (55)
The integral (53) becomes (see (11))

1-p2 0
qij=— 4ﬂ /duG(u)|u|<u,~u/~—§|U|25ij>, (56)
R3
where
G(u) = ((4r)3 detP) /2 exp(—%u .pL. u). (57)
The equality (56) in matrix form becomes
8(1— B2) oTIR
=— R— I 58
o--2 2 (r-25), (59

wherel is the unit matrix and

R= (detP)’l/Z/ j—u|u|exp(—u-P’1-u)u®u. (59)
TT
R3
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Noting thatP is symmetric and positive definite, we denate: P1/2 . x and obtain

R / 2—;exp(—|x|2)|P1/2-x|(P1/2~x) ® (PY2.x) =PY/2.5.pL/2, (60)
R3
where
Sz/ j_xeXP(—IXIZ)(w P-xY%x®x. (61)
TT
R3

It is obvious thatS is diagonal in the same coordinate system wheris diagonal. On the other hand, they are both
symmetric. Therefor&-P=P-SandR=PY2.S5.PY/2=p.S=S.P. The integral (61) can be simplified in the following
way:

drr5exp(—r2)/Z—Q(fl-P.fl)l/zﬁ®fl
T
2

S =

Q- o —3

€6 p 0208 (62)
4

Finally we rewrite equality (58) as

8(1— B2 6Tr(P-S)
= (P-S——1 ). 63
=" ( 3 ) (63)
Introducing for brevity the new notations
0 pnn O
37
n(®) = LVZ K=1pri1 2p12 0], (64)
8(1-89)
0 0O o
we transform Eq. (45) in the following matrix form
r@K +3P-S—(0Tr(P-9))l =0, (65)

whereS s defined by the integral (629, by (10), and TP = 3.

Formulas (64) and (65) define a new matrix problem which is the ‘Gaussian’ approximation of the initial problem (45)
and (46). The tensor integral (62) can be evaluated by numerical methods. The connection with the pseudo-Maxwellian
approximation (section 5) is obvious: (i) definitions &ff) and . (9) are identical if the value (48) is used in formula (51)
for A; (ii) Egs. (65) and (50) become identical if the (rough) approximaBen| is used for evaluating the integral (62) (then
S~ (1/3)).

In order to solve numerically the problem (64) and (65) we remarkKhistdiagonal in the same coordinate system where
P andS are diagonal, so th&® - K = K - P. This fact, combined with 2p15 = TrQ < 0 (following from (45) and from energy
dissipation) yields, foe < 1,

1/2
r11(p22 — p11)
P12= —(f> <0, P22> P11 (66)

The actual unknowns in (65) are thus only1, p22, andu. Taking trace we havaTrK = —3(1 —6)Tr(P - S), and it proves
convenient using = 6Tr(P - S) as unknown parameter, and introducing a new madrix —K /p15. With

peop2 . p2_3%2-9 67)
P12 20
(compare to (51)), the problem takes the form
3P-S=z(1 — A%H). (68)

The eigenvalues d? will be labeled byx, y, and 3— x — y; analogously the symbols;, a2, @3 andhq, 2, 0 will denote the
corresponding eigenvalues of the matric&a8dH, where

3 A - 5 Ao A
ai=E/\/xQ%—f—yQ%-i—(S—x—y)Q%Qizdﬂzai(x,y) (69)

S?
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can be easily evaluated numerically by the composite midpoint cubature formula for any ginely. The unknowns andy
follow from a quadratic equation in terms pf, and p22. The optionx < y, which seems in agreement with (66), corresponds
to a suitable rotation of the reference frame and implies the conskrainth,. Explicitly

_ Zxy » _x2+y2 paz=3—x—
pu= T 2= 33 s
y—x 2x 2y
= - Xy, h1= , hp=— . 70
p12 Y 1=7 2=—7 (70)

It is easy now to derive from the diagonal form of (68) three equations for the three unkmowns. After little algebra
they may be cast as

a1x + ooy — 2(1 + Az)a3(3 —x—y)=0, 71)

(@ +oa)xy —azB—x—y)x+y) =0
with z decoupled ag = a3(3 — x — y). The numerical problem is reduced to determining the zeroes of a vector field in two
dimensions, in the physical region<0x < y < 3 — x, as functions of the only input parameterThe pressure tensé and
eigenvalueu are then provided by (70) and (67). The zeroes have been searched by means of Newton's method for nonlinear
systems. In all the quite many cases that have been run systematically, a unique zero has been found, belonging to the admissible
region, starting from any admissible initial guess. A unique solution has then been determined fat.gives numerical
solution is discussed below, at the end of Section 7.

7. Constitutiverelations
We analyze first the relation between the pressure téhaad the velocity gradient in the stationary shear flow of a granular
gas according to the previous approaches. In the general case we have [7]
V(X)) =M -x=kN-X, (72)

whereN is a nilpotent matrix having the form (14) in a certain coordinate system. Then the most general formula for the
(dimensional) pressure tensor can be written [7]

P=p[al +t(N+NT) +oiNT N+ 0oN-NT],  TrP=3p, (73)
where the notations of [7] are slightly changed. In our case
p=pT, 3e+o01+02=3 (74)

The coefficientsy, o1 2, T do not depend on the coordinate system and it is sufficient to consider (73) in the reference frame
whereN is given by (14), so that

o=p33  O1=pi1—Pp33  02=p22— P33 T=p12 (75)

where the components;; were already studied in the previous sections. We present below results for the invariant coefficients
a, 01,2, T. Afirst observation is that all of them are functions of the paranetifined by (10), with 13 < 6 < 1. Moreover
a—1012—>0,7—>0asf— 1

On the other hand, the eigenvaluy€9) for the nonlinear problem (45) establishes a relationship between density
temperaturel’ on one side, and velocity gradiehton the other. If the density is chosen arbitrary, then the temperature is
defined, for giverp, k, andé, by the equality (21). The constitutive equations are then fully determined by the exact knowledge
of the coefficienty, «, o1 2, andr, and formulas (66), (74) show that only three out of them are independent, aago o,
since the others follow as

_3-o1-02 Tz_[(a+61)(62—01)]1/2 (76)

o= — = >

3
The first equality is exact, whereas the second is approximate (valid for Gaussian closure and pseudo-Maxwellian approx-
imation).
As we discussed above, there exist at least three ways to construct analytical approximations for the necessary coefficients.
The first way is to use the perturbation method of Section 4 in a neighborhabek @f (elastic limit). This way was discussed
in detail (in different terms) by Goldhirsch et al. [1,2]. Therefore we note only that

y =0(K1-0), 012=001-9), a=1+001-9), T =0(/1-0), 77)
in the elastic limitt — 1.
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The general case of moderate and strong inelasticity is more interesting for our goals, since accurate results, either analytical
or numerical, are lacking in the literature, at least to our knowledge. In such a case we can use the pseudo-Maxwellian
approximation (Cercignani’s solution) which leads to the formulas (see Section 5)

_24/9(1—9) _ _ _ _ _ 30(1-0)
y_m7(1+6)2, 01=0, 02 =3(1-0), a=0, T_'/72 . (78)

This result indicates a remarkable degeneracy of the pseudo-Maxwellian approximation, agt@gh 0, or p11 = p33in
the special coordinate system.

The accuracy of this model can be checked by using the Gaussian moment approximation (generalization of the two-
dimensional Jenkins—Richman solution) described in Section 6. This approach involves the numerical solution discussed there
and yields the values illustrated in Figs. 1, 2 and 3 (solid lines) in comparison to the pseudo-Maxwellian approximation (dashed
lines). More precisely, Fig. 1 reports on the diagonal components of the pressure tensor in the special coordinate system,
namely p11, pp2, and p33, while Fig. 2 illustrates the frame independent coefficientand o4 », again relevant to normal
stresses. Finally, Fig. 3 plots eigenvalyeand shear stress;» = 7, whose behavior becomes singular (infinite slope) when
6 — 1. Figures show that the simple approximate formulas (78) are in reasonable agreement with the more complex Gaussian
moment approximation, but the quantitative discrepancy becomes non-negligible, especiglly &ord at high inelasticity. In
addition, the degeneracy mentioned above is ruled out by the latter approximation, as shown by thestyewttich vanishes
only in the limité — 1. Itis also easy to construct approximate analytical formulas for the pararsgtgrsiotted in Fig. 2.

Their quite smooth trend suggest that they can be satisfactorily approximated by quadratic polynomials

0i(0) = A;(1—6)+ B;(1—6)?, i=12 (79)
The coefficientsA; and B; have been determined numerically by least-squares optimal fitting, and are given by

A1=-01851 By =0.1253

Ap=2.264 By =0.4902 (80)

The accuracy turns out to be very good, the absolute error between the actual curve and the interpolant parabola never exceeding
1.6 x 103 for o1 and 82 x 103 for o5, which correspond to relative errors afi2% and 047% respectively. In any case, the

actual numerical solution far;, i = 1,2, and its quadratic analytical approximation overlap almost completely in the figures

(not shown here). The functign is given numerically versug by Table 1.

2.5 T T T T T T

0.5

0 | 1 1 1 1 1 1
03 43 04 0.5 0.6 0.7 0.8 0.9 1

Fig. 1. Diagonal componenis;1, p22 and p33 of the pressure tensor versiisdashed-dotted curve: pseudo-Maxwellian approximation, solid
curve: Gaussian moment approximation.
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03 13 04 05 06 07 08 0.9 1

Fig. 2. Invariant quantitiest, o1 andoy versusd; dashed-dotted curve: pseudo-Maxwellian approximation, solid curve: Gaussian moment
approximation.

25 T T T

05

1
03 13 04 05 06 0.7 0.8 0.9 1

Fig. 3. Shear stress and eigenvalues versusf; dashed-dotted curve: pseudo-Maxwellian approximation, solid curve: Gaussian moment
approximation.

In conclusion, the pressure tensor is given by:
p=1 [Lr[a(eﬂ + 7@ (N+NT) +010NT -N+020)N -NT] (81)
pLxd?y6) ’

where (in the Gaussian moment approximatipi®) is given numerically, whereas all other coefficients can be evaluated with
good accuracy by formulas (76), (79), and (80).



A.V. Bobylev et al. / Eur. J. Mech. B/Fluids 21 (2002) 91-103 103

Table 1
Computed values of eigenvalyg6)
60 1/3 0.40 050 060 070 080
v(0) 2.197 2067 1831 1571 1297 1006
60 0.85 090 093 0945 Q0960 Q975
y(©) 0.8749 06740 05548 04878 04126 03235
0 0.980 0985 Q0990 Q995 0998 1000
y(©) 0.2886 02492 02030 01431 Q0904 Q000
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